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Abstract 

Conditions have been developed for the indirect tilrimetric delerini nation of water soluble sulphide 
sulphur with ferricyanide as a reagent using copper (11) sulphate as catalyst. The excess ferricyanide 
content is titrated wih standard hydroxylamine solution using tris (4-7-dihydroxy-l, 
lO-phenanthroline) - Iron (III) as an indicator in strong alkali medium. The proposed method for the 
determination of sulphide sulphur is simple, rapid, and sensitive (0.3 to 20 mg). The pooled standard 
deviation and average error are found to be 0.04 mg and ±0.44% respectively. 

(Keywords ; titrimetry/sulphide sulphur/ferricyanide) 

Introduction 

The development of fairly effective analytical techniques becomes significant towards 
control methodologies in pollution studies. Sulphide sulphur is one such pollutant. As such 
a procedure that can be used to determine sulphide content with a reasonable degree of 
accuracy in the presence of some other sulphur compounds will have its own definite 
advantages. The various titrimetric methods reported for determining sulphide sulphur in 
different materials and waster waters were generally based on the reagents like iodine*"^, 
permanganate^"^ and others^"*^. 

Most of these methods are usually associated with one or other drawbacks and 
limitations; for example, instability in acid solution, interference due to other sulphur 
compounds, requiring potentiometric assembly, high temperatures, which have been well 
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exemplified' '"‘I The reported methods'^"''* for the determination of sulphide sulphur with 
ferricyanide under controlled pH in the absence of oxygen depend on its oxidation to 
elemental sulphur. Amperometric method reported needs the use of osmium tetroxide as 
catalyst and temperature while potentiometric methods have necessarily to be carried out 
at elevated temperatures. But so far no room temperature titrimetric visual end - point 
method could be found in the literature for the determination of sulphide sulphur based on 
its oxidation to the sulphate state with ferricyanide. 

The present communication describes a rapid and convenient back titration method to 
the determination of sulphide using ferricyanide as oxidant. The procedure is based"* on 
the titration of excess ferricyanide content by hydroxylamine using tris (4, 7, dihydroxy- 1, 
lO-phenanthroline)-Iron(III) [DHP )3 - Iron(III)] as an indicator. 

Materials and Method 

All chemicals used were of analytical grade reagents. O.IN solutions of potassium 
ferricyanide and hydroxylamine hydrochloride were prepared and standardized'*. 0.25% 
copper (II) sulphate solution was prepared. 0.16% (DHP )3 - Iron(III) indicator solution 

Table 1 - Effect of Copper (II) Sulphate. 


Taken sulphide = 5.44 mg 


Time of reaction 
(min.) 

Sulphide found (mg) 

% Recovery of sulphide 

In the absence of 
Cu(II) 

1.7 X lO"^ M 
Cu(ll) 

In the absence of 
Cu (II) 

In the presence of 
1.7 X 10-^ M Cu(ll) 

1 

3.64 

5.20 

66.9 

96.0 

2 

3.84 

5.31 

70.6 

97.6 

3 

4.08 

5.43 

75.0 

99.8 

4 

4.34 

5.44 

79.8 

100.0 

6 

4.84 

5.39 

88.9 

99.1 

8 

5.18 

5.41 

92.9 

99.4 

10 

5.38 

5.38 

98.9 

98.9 

20 

5.44 

5.42 

100.00 

99.6 

30 

5.42 

5.44 

96.6 

100.0 
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Table 2 - Determination of sulphide sulphur 


Sulphide Sulphur (ing) 


“ 1 

Taken 

Found 




In pure sample.s 

In the pre.sence of 
1.42mg sulphite 

In the presence of 20.82 
mg of thiosulphate 

0.450 

0.454 

0.456 

0.454 

0.912 

0.916 

0.918 

0.916 

2.736 

2.726 

2.728 

2.730 

4.560 

4.548 

4.544 

4.542 

9.120 

9.149 

9.142 

91.53 


was prepared as reported^^. Solutions of 0.01 M sodium sulphide (Na2S.9H20), 0.05M 
sodium sulphite and 0.05M sodium thiosulphate were prepared and standardized^^. These 
solutions were prepared on the day of use. A 6N sodium hydroxide solution was prepared. 

Take an aliquot of sulphide (0.3 to 20mg) and 30 ml of 6N sodium hydroxide into a 
conical flask. Add a known excess volume of ferricyanide and then 1ml of 0.25% copper 

(II) solution to it. Keep the reaction mixture aside for 3 min. Add 0.5ml of (DHP)3 - Iron 

(III) indicator solution. At this stage the colour of solution is greenish yellow. Titrate the 
excess ferricyanide content with standard hydroxylamine solution until the colour changes 
from greenish yellow to intense red. A blank titration on the same ferricyanide volume is 
run. 


Results and Discussion 

Preliminary experiments in the determination of sulphide sulphur with ferricyanide 
revealed that the minimum time required for the complete oxidation of sulphide to sulphate 
is 10 min. The reaction time gets reduced to 3 min. in the presence of copper (II) as catalyst 
or temperature (50-60“C). The [Ferricyanide]/[Sulphide] should be greater than 89 to give 
results corresponding to the indicated accuracy. The order of addition of reagents should 
be strictly followed as given in the procedure. The results in Table 1 clearly show the 
positive catalyst effect of copper (II) on the rate of reaction between sulphide and 
ferricyanide. The stoichiometry of the reaction can be expressed by the following equation. 
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s'- 8 [Fe(CN),f- + 8 OH' > SO^ + 8 [Fe (CN),]"- + 4 H^O 

The addition of formaldehyde eliminates the interference of sulphite which forms an 
inert complex. 5-fold excess of sulphite and 100-foid excess of thiosulphate do not interfere 
with the determination. 

The results of the proposed method for the determination of sulphide sulphur in synthetic 
mixtures are in good agreement with the standard method. The pooled standard deviation 
and average error of the present method are found to be 0.04mg and ± 0.44% respectively. 
The results in the determination of sulphide are given in Table 2. Some of the advantages 
of the present method are : 

I. Does not require close control of pH. 

II. Thiosulphate and sulphite do not interfere 

III. Use of cheaper catalyst [Cu(II) as compared to Os (VIII)] 

The method is more conveniently suitable for the estimation of sulphide sulphur in 
refinery spent caustic solutions as compared to the method described 
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Abstract 

Complexes of oxovanadium (IV) and dioxouranium (VI) with pyrazine-2-carboxyIic acid hydrazide 
(L) and pyrazine-2, 3-dicarboxylic acid dihydrazide (LO have been prepared and characterized through 
analytical, spectral and magnetic moment data. VO(acac )2 with L gives oxovanadium (IV) complex 
of the Schiff s base generated in situ from the reaction of the hydrazide and ‘acac’ moiety; with L’, 
VO(IV) and U02(VI) result in isolation of complexes of pyrazine-3*hydrazide-2-carboxyIic acid 
presumably derived in situ from the hydrolysis of a hydrazide group. 

(Keywords : metal complexes/pyrazine carboxylic acid hydrazidesA^O(IV)/U02(VI)/Schiff s 
base) 


Introduction 

Metal complexes of carboxylic acid hydrazides are interesting due to their biological 
and structural importance Our previous investigation"^*^ using pyrazine-2-carboxylic acid 
hydrazide (L) and pyrazine-2, 3-dicarboxylic acid dihydrazide (L') with several centres of 
coordination have prompted studies on their oxovanadium (IV) and dioxouranium (VI) 
halides, sulphates, acetates and acetylacetonates. 

Vanadium is receiving considerable attention as a biologically important metal due to 
the existence of vanadoenzyme^. Dioxouranium (VI) complexes are of structural interest 
due to varied geometry they assume, of late dioxouranium (VI) complexes are said^ to have 
possible applications in solar energy conversion systems owing to spectral and excited state 
electron transfer properties of the ion. 

Materials and Method 

Pyrazine-2-carboxylic acid hydrazide (L) and pyrazine-2, 3-dicarboxylic acid 
dihydrazide (L') (Fig. 1 & 2); VO(acac )2 and U02(acac)2.2H20; and VOCI 2 (ethanolic 
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solution, pH ~ 3-4) were prepared following published procedures'’’^'®’®’'®. V0S04.H,0 and 
U0 i(CH 3C00)2.2H20 used were E Merck/BDH quality. 

Spectral (IR, UV-Vis, NMR, EPR), magnetic moments and conductivity measurements 
and C, H, N analyses were done as described elsewhere'*’^. Metal, halogen and sulphur 
were analysed gravimetrically by standard methods as oxides (V2O5, UjOg) and as AgCl 
and BaS04. Molecular weights were determined by Rast method with diphenyl as solvent. 
FAB-MS using Jeol SX-102 instrument were recorded in CDRI, Lucknow. 

Complex 1 ; V2O5 (0.470 g, -2.58 mmol) was refluxed on a steam bath with dry ethanol 
(10 ml) containing 12 M HCl (5 ml). A clear green solution of VOCI2 thus obtained was 
filtered in a basin and the filtrate concentrated to ~l ml. The resultant solution (pH 3-4) 
after dilution with dry ethanol (5 ml) was mixed with solution of ligand L (145 g, -10.51 
mmol) in hot ethanol (50 ml). Immediate colour-change occurred and a red compound 
appeared. The suspension was refluxed (2h) on a steam bath. The red compound was filtered 
hot, washed with dry ethanol and dried over fused CaClj in a desiccator. Yield : 60% m.p. 
270°C (dec.). 

Analy. data : found % (calc for VOLCI2.4H2O) M 14.04 (14.65), C 16.57 (17.24), H 
4.17 (4.02), N 15.88 (16.09), Cl 18.60 (20.46). A^ (Q"' cm^ mol"’, DMSO) : 146.1. 

(RT) : 1.71 BM. EPR (RT) : g,, = 1.97. IR (KBr), cm'‘ : 3000-3500 (br), 1620(s), 1040 
(ms), 970(s), 1240 (wsh), 1170-1140 (s), 1050-1030 (s); and UV-Vis (nujol-mull), cm"' : 
22730 (br), 19230 (br, sh), 13330 (uw). 

Complex 2 : A solution containing VOSO4.H2O (0.900 g, 5 mmol) in dry methanol 
(50 ml) was mixed with solution of ligand L (1.65 g, - 12 mmol) in the same solvent (50 
ml) and the mixture was refluxed (4h) on a steam bath when a blackish compound formed 
was filtered hot and washed with hot methanol. The compound was purified by dissolving 
in hot water, filtering and evaporating the filtrate to dryness to obtain brown crystals which 
were dried in a desiccator over fused CaCR. Yield 56%, m.p. >3(X)°C. 

Analy. data ; found % (calc, for VOLSO4.2H2O) M 14.81 (15.13), C19.13 (17.80), H 
3.15 (2.97), N 16.75 (16.62), SO4 28.86 (28.48). A^ (Q’’ cm^ moP', DMSO) : 62.3. p,|.f 
(RT) ; 1.69 BM. EPR (RT) : g,, = 1.96 IR (KBr), 'em-' : 3000-3500 (br), 1620 (s), 1030 
(m); and UV-Vis (nujol-mull) 23810 (br) cm"'. 

Complex 3 : A mixed solution containing VO(acac)2 (0-160 g, -0.60 mmol) in dry 
methanol (10 ml) and solution of ligand L (0.165 g, ~ 1,2 mmol) in the same solvent (10 
ml) was refluxed (2h) on a steam bath. Brown coloured crystalline product separated was 
filtered hot, washed with hot methanol and dried over fused CaClj in a desisccator. Yield 
60%, m.p. 240”C (dec.) 
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CONHNH2 


CONHNH2 

N ^C0NHNH2 


Fig. 1. (L) 


Fig. 2. (LO 


Andy, data : found % (calc, for (VO)2 (acacL)2) M 18.82 (17.89), C 41.34 (42.10), H 
3.55 (3.51), N 19.63 (19.65). FAB-MS molecular peak observed at M/Z 570. A^^ (£2”', cm^ 
mor‘, DMSO) : 46.6 (RT) : 1.55 BMA^. EPR (RT) : = 1.96 IR (KBr), cm"' : 1580 

(s), 1420 (m), 530 (s), 840 (m, sh) 970 (s); and UV-Vis (nujol-mull), cm“' : 22730 (br), 
17860 (sh), 16670 (sh), 15150 (sh). *acacL = Schiff base (dianionic) from L and acac ion. 

Complex 4 : A mixed solution containing UO2 (acac)2.2H20 (0.500 g, - .1 mmol) in 
dry methanol (20 ml) and ligand L (0.280 g, - 2.03 mmol) in the same solvent (20 ml) 
was refluxed (2h) on a steam bath, the precipitated brown complex was filtered hot washed 
with hot dry methanol and dried over fused CaClj in a desiccator. Yield : 45%, m.p. >300°C. 

Analy. data : found % (calc, for UO2 (L-H)2) M 44.50 (43.75), C 22.25 (22.05), H 
2.09 (1.84), N 21.55 (20.59). A^, (Q"' cm^ mol"', DMSO) : 26.0. IR (KBr), cm''; 1600(s), 
1040 (ms), 12.80 (ms), 840 (s). 920 (s); UV-Vis (nujol-mull), cm'‘ 23260 (br), 16400 (sh); 
‘H NMR, 5 (ppm) : 5.08 (NH2) (Fig. 3). 

Complex 5 : To a solution (1 ml) of VOCI2 prepared from V2O5 (0.960 g, 5.18 mmol) 
as a complex 1 and diluted with dry methanol (10 ml) was added to suspension of ligand 
L' (1.01 g, -5.15 mmol) in dry methanol (100 ml) and the whole refluxed (3h). The 
suspension became clear and was filtered. The filtrate was concentrated ( 1/2 v), refrigerated 
and then mixed with a little ether. Brown complex formed was filtered, washed with cold 
methanol and dried over fused CaCl2 in a desiccator. Yield 40%, m.p. 290“C (dec.). 

Analy. data : found % (calc, for (VO)2L' (0CH3)2Cl2,2H20) M 19.13 (20.44), C21.55 
(19.24), H 3.84 (3.61), N 16.97 (16.83), Cl 15.90 (14.23). A^, (£2‘‘ cm' mof', DMSO) : 
97.1. Peff(RT) : 1.70 BMA^. EPR (RT) : = 1^7. IR (KBr), cm"' : 2500-3500 (br), 1650 
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6 (pprn) 


Fig. 3 - ‘HNMR spectra of (a) L and (b) complex 4 in DMSO-d6 (Ref. TMS) 
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(intensity largely reduced), 450-460 (ms); and UV-Vis (nujol-mull), cm‘‘ : 25000 (br), 
13890 (vw). 

Complex 6 : A solution of VO (acac)2 (1.2 g, ~ 4.53 mmol) in dry methanol (50 ml) 
was mixed with a suspension of ligand L' (0.900 g -4.60 mmol) in dry methanol (100 ml) 
and the whole refluxed (5h) on a steam bath when the suspension became clear. The solution 
was filtered and the filtrate was concentrated (1/2 v), refrigerated and then mixed with a 
little ether. Ash coloured complex that settled down was filtered, washed with chilled 
methanol and dried over fused CaClj in a desiccator. Yield : 38% m.p. > 300°C. 

Analy. data : (calc, for (VO)2 (OH)2 (Pz-3-CONHNH2-2-COO)2) M 20.00 (19.24), 
C27.67 (27.17), H 2.71 (2.26), N 20.24 (21.13). A^, (a' cm' mof', DMSO) : 31.9 
(RT) : 1.17 BM/V EPR (RT) : g,, = 1.97 IR (KBr), cm'' : 1650 (s), 1590 (ms), 1330 (ms), 
965 (s), 460 (s), 580 (m); and UV-Vis (nujol-mull), 25000 (br) cm'f 

Complex 7 : A solution of VOSO^.HjO (0.180 g, -1.10 mmol) in dry methanol (20 
ml) was mixed wth a solution of ligand L' (0.450 g, 2.29 mmol) in hot water-methanol 
(1.3 v/v, 30 ml) and the mixture refluxed (5h) on a steam bath. The resulting yellow-green 
precipitate was filtered hot, washed with hot aq. methanol and dried over fused CaCl2 in 
a dessicator Yield : 40% m.p. > 300°C. 

Analy. data : found % (calc, for (V0)2(0H)2L'2(S04)4H20) M 14.04 (14.01), C 21.65 
(19.78), H 3.22 (3.57), N 22.43 (23.08) (QT^ cm^ mor\ DMSO) : 47.0 (RT) : 1.30 
BMA^. EPR (RT) : = 1.96 IR (KBr), : 3000-3500 (br), 1650 (intensity largely 

reduced), 1100 (s) 610 (s), 450-460 (ms), 970 (s); and UV-Vis (nujol-mull) : 23530 (w) 
cm"^ 

Complex 8 : A solution of UO2 (CH3COO)2 2H2O (0.210 g, -0.5 mmol) in hot 
water-methanol (1:3 v/v, 20 ml) was mixed with solution of ligand V (0.200 g, -1.02 
mmol) in same hot solvent mixture (30 ml) and the contents refluxed (2h) on a steam bath. 
The resulting red compound formed was filtered hot, washed with hot methanol and dried 
over fused CaCl2 in a desisccator. Yield 60%, m.p. > 300'’C 

Analy. data : found % (calc, for U02(Pz-3-CONHNH2-2COO)o) M 37.67 (37.66), C 
22.45 (22.78), H 1.68 (1.58), N 16.41 (17.72). A^, (£2“' cm' moU', DMSO) : 30.8, IR (KBr), 
cm-‘ : 1330 (s), 1590 (s), 1 130 (ms), 450-460 (ms); and UV-Vis (nujol-mull) : 22730 (br) 
cm-‘, IH NMR, 5(ppm) : 942-1024 (Pz-ring), 11.97 (NH). 

Results and Discussion 

Conductivity values of 10“^ M solution in DMSO for complexes other than I, 2 and 
5 are less for 1:1 electrolytes and suggest their nonelectrolytic behaviour despite some 
soivolysis. Molecular weight measurements indicate complexes 3, 6 and 7 are dimers. 




Fig. 4- EPR s pectr a (RJ) frequency 9.45GHz. Field set 30GOG foreomplex 2 and 3700G for complexes 3&7. 
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Infrared spectra : Pyrazine-2-carboxylic acid hydrazide (L) shows bands at 1675 and 
1020 cm"^ tentatively assigned*^ to vC = O and vN-N respectively; these suffered negative 
and positive shifts (Av - 20 cm ^) in complexes 1 and 2 suggesting coordination through 
the carboxyl oxygen and the terminal hydrazinic nitrogen. Bands observed for 2 in the 
region 1240 (w, sh), 1 170-1139, 1050- 1030 cm~^ indicate^^ sulphate is bidentately chelated. 
In complex 3, disappearance for vC=0 and appearance of a very strong band to around 
1580 cm"^ are characteristic of >C=N-N=C< group. A new band at -1420 cm~^ (absent in 
the free ligand) may be assigned*^ to deformation mode of methyl group derived from 
‘acac’ moiety. Non-ligand bands at 530(s) and 840 cm"^ (m, sh) may be attributed to 
O-V-0 sym and asym stretching modes of the oxobridged portion of the dimer. In complex 
4, vC=0 band disappeared while a strong band appeared at -1600 cm"^ This along with 
a new band at 1260 cm-^ suggests^ coordination through the deprotonated enol oxygen. 
Positive shift (Av - 20 cm"*) of vN-N band in 4 points to coordination through the terminal 
hydrazinic nitrogen. Absence of N~H signal from its free ligand position at 5 10 ppm 
suggests deprotonation via enolisation, and downfield shift of free ligand signal at 5 4.64 
ppm to 5 5.08 ppm in the complex supports coordination through NH 2 group of the ligand 
(Fig. 3). 

In complexes 5 and 7, the strong vC=0 band at 1650 cm"* of the free dihydrazide 
ligand (L') is reduced in intensity (though not shifted); coordination of keto oxygen to the 
metal is indicated. Band attributable*" to C~0 stretching of coordinated methoxide in 5 at 
around 1000 cm"* is not, however, discernible from the complexity of spectra. Sulphate is 
ionic in 7 apparent from the strong band around 1 1 10 cm"* and another at 610 (ms) cm"*. 
In complexes 5-8, coordination through heterocylic ring nitrogen is suggested from the 
observed shift of pyrazine ring out-of-plane deformation band to higher frequencies 
(450-460 cm"*) relative to the free ligand (400, 415 cm"*). Downfield shift of protons of 
pyrazine ring from the region 5 8.63 - 9.08 to 5 9.42 - 10.24 ppm in the *H NMR spectrum 
of 8 indicates coordination of pyrazine ring nitrogen to the metal : the signal at 5 11.97 
ppm is ascribed to NH (perhaps hydrogen bonded) of a free hydrazide residue. Complexes 
6 and 7 which are dimers are possibly hydroxo-bridged, a new band (ms) around 560-580 
cm"* is assignable*"* to v(V~0) of the p-hydroxobridges. A strong characteristic band for 
complexes 6 and 8 at -1330 cm"* (absent in the free ligand) is perhaps due to Vj^COO; the 
corresponding COO may be assigned to the strong band at -1590 cm"*. The complexes 
show a free amide 1 band (strong) at -1650 cm"*; presence of a free hydrazide group is 
evident** from NH 2 rocking mode -1130 cm"*. 

In all the complexes strong band assignable to vV=0 around 970-980 cm"*; and to 
0=U=0 in the region 880-910 cm"* have been observed. Non-ligand bands occurring in 
the regions 500, 550 and 370 cm"* may be assigned*", respectively, to U-0 and U-N 
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vibrations. Broad band observed in the region 3000-3500 cm"^ for complexes 1, 2, 5 and 
7 suggest presence of water and/or hydrogen bonding. Isothermal (liO^C, air oven) mass 
loss (9.57, 7. 1 9 and i 0.6%) for the corresponding complexes 2, 5 and 7 suggests crystalline 
water entirely and that (1 1.5%) for 1 partly (2 mols). 

Magnetic moment values observed at room temperature (33°C) for the 
0 X 0 vanadium (IV) complexes (1, 2 and 5) are normal for magnetically dilute species. 
Complexes 3, 6 and 7 give lower values similar to those observed’*^^ elsewhere, lowering 
of magnetic moment in these dimers may indicate**'’ antiferromagnetic coupling between 
the vanadium centers since fortunately, spin-orbit mcoupling in nearly all V(IV) complexes 
is efficiently quenched 

EPR spectra of the oxovanadium (IV) complexes in polycrystalline state at room 
temperature (Fig. 4) are nearly isotropic and the values are close to 1,96-1.97. No 
half-filled transition has been located in polycrystalline solids at room temperature even at 
high gain (however, in absence of epr study at low temperature and/or variable temperature 
magnetic measurements, which are inaccessible to us, results remain inconclusive). 

Electronic spectra of the oxovanadium (IV) complexes in nujol mull exhibit bands in 
the region 400-440 and 500-600 nm attributable*^, respectively to “^2 ^82 

(dj (d^ 2 -y 2 ) transitions. 

Non-ligand bands observed for complexes 4 and 8 in the region 430-400 nm may be 
assigned to the transition of the moiety*^. 
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Abstract 

Reflection and transmission of quasi -P {qP) and quasi -SV UjSV) waves at the interface between 
two monoclinic elastic half-spaces is discussed. Clo.sed-form expressions for the reflection and 
transmission coefficients are derived. A method of computing these coefficients is indicated. The 
present analysis corrects some fundamental errors appearing in a recent paper on the reflection and 
transmission of qP waves at the interface between two monoclinic media. 

(Keywords : reflection/transmission/waves/monodinic media) 


Introduction 

Musgrave* discussed the reflection and transmission of elastic waves at a plane boundary 
between two anisotropic media of hexagonal type. Day ley and Hron“ investigated the case 
when the media involved are transversely isotropic. Keith and Crampin^ derived a 
formulation for computing the energy division among qP, qSV and qSH waves generated 
by plane waves incident on a plane boundary between generally anisotropic media. A 
comprehensive account was presented for the case of isotropic/orthotropic interface. 

A monoclinic medium possesses one plane of elastic symmetry. For wave propagation 
in the plane of symmetry, SH motion is decoupled from the P-SV motion. While the particle 
motion of SH waves is purely transverse, it is neither purely longitudinal nor purely 
transverse in the case of P-SV waves. In a recent paper, Chattopadhyay and Saha"^ discussed 
the reflection of qP waves at the interface between two monoclinic half-spaces. Since the 
authors assume that qP waves are purely longitudinal and qSV waves purely transverse, 
most of the results of this paper, including the expressions for the reflection and transmission 
coefficients, are erroneous (see also Singh^). The aim of the present study is to derive 
closed-form algebraic expressions for the reflection and transmission coefficients when 
plane waves of qP or qSV type are incident at the plane boundary between two monoclinic 
elastic half-spaces. A method of computing the reflection and transmission coefficients is 
indicated. Numerical results will be presented in a subsequent publication. 
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Plane Waves in a Monodinic Elastic Medium 

Consider a homogeneous anisotropic elastic medium of monoclinic type. It has one 
plane of elastic symmetry and its elastic properties are defined by thirteen elastic moduli. 
Taking the plane of symmetry as the A'2A:3-plane, the generalized Hooke’s law can be 


expressed in the form 

Tjj = ^11 ^11 ^*12^22 ^13^33 ^^14^23’ (la) 

^^22 = ^' 12^^11 ^ 22^22 + <^23 <^^3 3 26 ^ 24 ^ 23 ’ 

^33 “ ^13^11 ^23^22 ^33^33 2^34^23’ 

^23 = Cj4^jj + ^24^^22 ^34^33 2^44^23* 

'^13 “ 2(C55^j3 + C5^^^i2)» 

Tj 2 = 2(C55 ^j 3 + €^€12), (^f) 


where is the stress tensor and e^j the strain tensor. Further, 


du: du; 

dxj dx^ ’ 


being the displacement vector. 

For plane waves propagating in the X2JC3-plane 


= w. (^2 , A3 , 0, d/dx^ s 0. 


The equations of motion without body forces are 

d 

dxj ^ 3/2 ~ 


( 2 ) 


( 3 ) 


( 4 ) 
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using the summation convention. From eqn. (1) to (4), we obtain the equations of motion 
in terms of the displacements in the form 


^66 


d^Ui 

I" + 2c<;^ + Ci 

dxl ^^2 ^-^3 


3 w, 




■ 


(5) 


d^U2 

d^U2 


3^W3 

3“M3 

+ 2c24 


+ C44 2 + 

3-^3 

^24 

34 

3 X 3 


+ (C 23 


3'«3 


3^U2 


+ C, 

^ 3^2 3^3 

= p 

3r^ ’ 


3^«2 


3^W3 

3^W3 

+ 2 C 34 

34 

34 

^44 

34 ^ 

34 




3^h-) 




+ (^23 

3X2 3X3 

= p 



d\ 


d\ 

dx2 


( 6 ) 


(7) 


From eqn. (5) to (7), it is obvious that the «, motion representing SH waves is decoupled 
from the (uj . M 3 ) motion representing qP and qSV waves. 

Let p(0, P 2 , Pi) denote the unit propagation vector, c the phase velocity and k the wave 
number of plane waves propagating in the ^ 2^3 -plane. We seek plane wave solutions of 
the equations of motion ( 6 ) and (7) of the form 



= A 


M 3 


fi?3 

V J 


V J 


exp [ik {ct - X 2 P 2 - XiPi)] , 


( 8 ) 


where d ( 0 , <^ 2 , ^ 3 ) is the unit displacement vector, also known as the polarization vector. 
Inserting the expressions for m, and M 3 in the equations of motion ( 6 ) and (7), we obtain 
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{U - pc^) d2+ Vd^ = 0, (9) 

Vd2 + (Z - pc^)d2 = 0, (10) 

where 

UiPi, Pi) = C22pI + C 44 / 7 I + 2C24P2Pi, 

ViPl’Pi) = ^14P2 + ^2aPI + (<^23 + ^u) Pi Pi ^ (10 

Z(p 2 ’Pi) = (^A4P2 + ^iiPi + 2 C 34 P 2 P 3 • 

Eqn. (9) and (10) yield 

d2/di = Vlipc^ - U) = ipc^ - Z)/V. (12) 

Therefore, pc^ satisfies the quadratic equation 

p^c^ - {U + Z) pc^ + {UZ - V^) = 0, (13) 

with solutions 

2pc^(P2,Pi) = iU + Z) ± [(U-Zf + 4^2]'^. (14) 

The upper sign in eqn. (14) is for qP waves and the lower sign is for qSV waves. 

It has been shown by Singh^ that eqn. (8) will represent a pure longitudinal or transverse 
wave if 

CiaPi + (^^23 - ^22 + 2 C 44 ) pIp2 - 3(C24 - C24)pIpI 

- (% - C 33 + 2C44)P2/>3 - (^34 Pi = 0. (15) 
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Fig. i - Reflection and transmission of qP and qSV waves at the plane interface = 0) between two monoclinic 
half-spaces. 

Eqn. (15) gives the directions of propagation for which P waves are purely longitudinal 
and SV waves purely transverse. 

Reflection and Transmission of qP and qSV Waves 

Consider a homogeneous, monoclinic, elastic half-space occupying the region X 3 > 0 
in welded contact with another homogeneous, monoclinic, elastic half-spacex 3 < 0(Fig. 1). 
The identical plane of elastic symmetry of the two media is taken as the ^ 2 X 3 - plane. Plane 
qP or qSV waves are incident at the interface X 3 = 0 from the half-space X 3 > 0. We consider 
plane strain problem for which 
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= 0» ^2 = U2 (^2 , ^3 , 0> W3 = W3 (^2 ’ -^3 » 0* 


( 16 ) 


Incident qP or qSV waves will generate reflected qP and qSV waves in the half-space 
X3 > 0 and transmitted qP and qSV waves in the half-space J3 < 0 . The total displacement 
field is given by 


4 



>=1 


4 



i=i 


( 17 ) 


for X3 > 0, and 


6 6 


j=5 j^S 

Bj 

( 18 ) 

for X3 < 0, where 



Pj = CO [r ~ (^2 sin Cj - X3 cos Cy) / Cy], 

(j = 1,2, 5,6; no summation) 

( 19 ) 

Py = Cl) [r - (^2 sin Cy + X3 cos ep / Cy], 

O' = 3 , 4 ) 

(20) 


0) being the angular frequency. We distinguish quantities corresponding to various waves 
by using the subscript ( 1 ) for incident qP waves, ( 2 ) for incident qSV waves, ( 3 ) for reflected 
qP waves, ( 4 ) for reflected qSV waves, ( 5 ) for transmitted qP waves and (6) for transmitted 
qSV waves. Thus, for example, for the incident qP waves, Cj denotes the phase velocity, 
the angle of incidence, Pj (^2 , JC3 , 0 the phase factor, A| the amplitude factor of the 
U2 component of the displacement and Bj that of the W3 component. The displacement 
components in the half-space X3 < 0 are denoted by U2 and W3'. 

Since each of the incident qP, incident qSV, reflected qP, reflected qSV, transmitted 
qP and transmitted qSV waves must satisfy the equations of motion, we have, as in eqn. 
( 12 ) and ( 14 ), 


A; = F.P. (/ = 1, 2,..., 6), 


( 21 ) 
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F, = V, / (pcf - t/,.) = (pc? - Z,.) / V. , (1 = 1 , 2, 3, 4), 

(22a) 

F,. = V,. / (p'c? - t/,) = (p'c? - Z,) / y,. , (, = 5 , 6), 

(22b) 

2pc? = ((/, + Z.) + [((/. - Z/ + 4y?] , (/ = 1 , 3) , 

(23a) 

2pc? = (t/,. + Z.) - [((/,. - Z,)^ + 4y?] , (/ = 2, 4) 

(23b) 

2p'c? = Us + Z,^[{U,-Z,f + 

(24a) 

2p'c? = t/fi + Zg - [(t/6-Z6)2 + 4y?]>'2 

(24b) 


The expressions for t/., F- and Z- are obtained from the expressions for U, V and Z 
given in ecjn. (11) on substituting suitable values for (P2’P3)* For incident c}P waves, 
P2 = sin ^ j , P3 = - cos ey ; for incident qSV waves, = sin P3 = “ cos ^2 ; for reflected 
qP waves, P2 = sin ^3, p^ = cos ; for reflected qSV waves, p2 = sin = cos ; for 

transmitted qP waves, /?2 = sin P3 = - cos e^\ and, for transmitted qSV waves, 
P2 = sin ^6, P3 = cos (see Fig. 1). We thus obtain 

“ ^22 sin^ + C44 cos^ - 2C24 sin cos , 

* 2 2 

Vi = C24 sin e^ + C34 cos e, - (C23 + C44) sin e^ cos e, , 

* 2 2 

Zj = C 44 sin‘ + C33 cos e, - 2C34 sin e, cos e ^ ; ( 25 ) 

^3 “ ^22 ^3 + ^44 cos^ C3 + 2c 24 sin cos 63 , 


^3 ~ ^24 ^3 + ^34 C3 + (C23 + C44) sin ^3 cos £3 , 
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Z3 = C44 sin^ ej + C33 cos^ ^3 + 2C34 sin e-^ cos e -^ ; ( 26 ) 

= c'22 sin^ + c'44 cos^ Cj - 2 c‘' 24 sin c, cos e, , 

V5 = c'24 sin^ gj + c'34 cos^ 65 - (c'23 + c'44) sin cos , 

Z5 = c'44 ^5 + c'33 cos^ £5 - 2 c' 34 sin cos Cj . ( 27 ) 

{U2 , V2 , Z2) are obtained from ((/, , V, , ZJ on replacing e, by e2.(t^4 . Y4 , Z4) are obtained 
from {U ^ , V3 , Z3) on replacing by £4 and (i/g , Vg , Zg) are obtained from 
(t/5 , Yj , Zg) on replacing £5 by £g . 

The total displacement field given by eqn. ( 17 ) and ( 18 ) must satisfy the boundary 
conditions, 


M2 — M 2* “3 “ “ 3 > ^23 “ ^ 23 ’ ^33 ~ ^ 33 •*'3 ~ (28) 

Since the boundary conditions ( 28 ) are to be satisfied for all values of 21:2 , we must 
have 


P, {X 2 , 0 ) = P2(X2 . 0 ) = P3 (^2 , 0 ) = P^{X 2 , 0 ) = Pg {X 2 , 0 ) = Pg (^2 , 0 ). ( 29 ) 

Eqn. ( 19 ), ( 20 ) and ( 29 ) imply 

sin£t ^ sin £2 sin £3 sin £4 sin £g sin £g 

Ci(£i) C2(£2) C3(£3) C4 (£4) Cj (Cg) “ Cg (Cg) “ ^ ^ 

where is the apparent phase velocity. This is the form of Snell’s law for monoclinic 
media. 

From eqn. ( 3 a), ( 25 ) and ( 26 ), we note that even if £, = £3 , Cj C3. Therefore, from 
eqn. ( 30 ), the angle of reflection of qP waves is not equal to the angle of incidence of 
qP waves. Similarly, the angle of reflection of qSV waves is not equal to the angle of 
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idence of qSV waves. Chattopadhyay and Saha"^ assume that the angle of reflection of 
{qSV) waves is equal to the angle of incidence of qP {qSV) waves. Therefore, the 
lection and the transmission coefficients obtained by Chattopadhyay and Saha"^ are not 
Tect. 

Using the relations (21), (29) and (30) the bounday conditions (28) yield 


+ ^2 + ^3 ^4 ” ^5 ~ ^6 = 0 ’ (31a) 

FjBj + F 2 B 2 + F 3 B 3 + F 4 B 4 - F 5 B 5 - = 0, (3 lb) 

a^B^ + a 2 B 2 + a^B^ + a^B^ - a^B^ - a^B^ = 0, (31c) 

+ ^2^2 + ^3^3 ^4^4 ^5^5 ”” ^6^6 ~ (3 Id) 


lere 

” ^24^1 ^44 ^ (^44^1 ^ 34 )^^^^! ’ 

^2 ” ^24^ 2 ^44 (^44^2 ^34) ^2 » 

^3 = ^24^3 ^44 (^44^3 ^ 34 ) ^3 ’ 

^4 ” ^24^4 ^44 (^44^4 ^34) ^4 ’ 

^5 “ ^^ 24^5 ^^44 ”■ (^ 44^5 ^ 34 ) ^5 » 

^6 = ^'24^6 + ^'44 “ (^V 6 + ^'34) cot ^ 6 , 

bi = ^ 23^1 C34 - (^34^1 + ^33) CC>t » 

^2 “ ^23^ 2 C34 ~ (<^34^2 ^ ^33) COt ^2 ^ 


^3 “ C 23 f ’3 + <^34 + (^ 34^3 + C33) COt 6^3 , 
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h = C23f4 + C34 + (C34F4 + 633)001^4, 

+ <^'34 - ((^' 34^5 + c' 33 ) cote- 5 , 

^6 = c'jjFg + C '34 - (c' 34 F 6 + c'33)C0te6- 
Incident qP waves ; 

In the case of incident qP waves, A 2 = Rj ~ ® > ^1 supposed to be known. 

Eqn. (31a, bi c, d) then constitute a set of four simultaneous equations in four unknowns, 
namely, 53 , 54 , R 5 and JS 5 . These equations can be solved by Cramer’s rule. We find 

S,./fii=Af/A (i = 3,4,5,6), (32) 

where A and Af are defined in,Appendix A. Using eqn. (21), we find 




s, 


F, A 


F,. [Af 

— — (i = 3, 4, 5, 6 ; no summation over /). 


Incident qSV waves ; 

For incident qSV waves, Aj = B, = 0 and A 2 , R 2 supposed to be known. The 
amplitude ratios are found to be 


5,752 = 


(34) 


Aj Fa 1^52 J FjI^A^ 


(1 = 3, 4, 5, 6). 


(35) 


where Af are defined in Appendix A. 
Isotropic half-spaces : 

For an isotropic medium. 


Cj, = C22 = C33 = X + 2p, 
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^12 ~ ^13 = <^23 ~ ^ > ^44 ~ C 55 = Cgg = M' « 

^14 ~ ^24 “ *"34 ~ ^56 ~ ® > (36) 

where X, |X are the Lame parameters. Using these values for Cy and similar values for c' y 
we obtain 


c, = C3 = [(>. + 2p.)/p]'^ = a, cj = C4 = (p./p)*'^ = P, 

C 5 = [(X' + 2 p')/p']^^ = a', Cg = (pVp')*'^ = P'. 

“ ^3 **” ^2 ^4 "** ^5 ^ * ^6 f y 

sine _ sin/ _ sine' _ sin/' 
a ■■ p " a' " P' ’ 

Fj = - F3 = - tan e, F2 = - F4 = cot/, F5 = - tan e' , Fg = cot/' , 
ai = <23 = 2p , <22 = 04 = - p cos 2 fl sinV, Og = 2^' , flg = - p' cos 2/' / sin^/' , 
b^ = -b^ = - 2 p(oc/P)^ cos 2 // sin 2 e, 

^2 = - 1>4 = - 2p cot/, i »5 = - 2p' (a'/ P')^ cos 2/' / sin 2e', i>g = - 2p' cot/' (37) 

Putting these values in eqn. (31a, b, c, d), we get results equivalent to the corresponding 
results given by Ben-Menahem and Singh* (eqn. (3.54) and (3.56)) for isotropic media. 

Discussion and Conclusions 

The reflection and transmission coefficients given by Chattopadhyay and Saha^ for qP 
waves incident at the plane boundary between two monoclinic elastic half-spaces are 
incorrect because of two erroneous assumptions made by these authors, namely, qP waves 
are longitudinal {qSV waves are transverse) and the angle of reflection of qP (qSV) waves 
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is equal to the angle of incidence of qP (qSV) waves. In the present study, we have obtained 
the correct reflection and transmission coefficients by solving the problem ab initio. 

Eqn. (32) and (33) give the amplitude ratios when plane qP waves are incident at the 
plane boundary between two monoclinic elastic half-spaces. In these equations. A// Ay are 
the amplitude ratios for the horizontal component of the displacement and B,- / B, are the 
amplitude ratios for the vertical component of the displacement. Similarly, eqn. (34) and 
(35) give the amplitude ratios for incident qSV waves. From eqn. (17) and (21), we note 
that, for example, the total displacement of the incident qP waves is 


a ] + B?1 = 




Therefore, the reflection coefficients can be expressed in the form 


^1 +F?'' 


R/jp - 


1/2 


I -l-FT 




V J 

for incident qP waves, and 


l+pf^ 


1/2 


B, 


R^p - 


TTff 


1/2 


^3 


i + F: 


■2^ 


1 + 4 


1/2 


■B, 


(38) 


(39) 


for incident qSV waves. Similar expressions can be written for the transmission coefficients. 
The reflection and transmission coefficients are in terms of the six angles e,- and the six 

velocities c, (e,), /= 1,2 ,6. For an incident qP wave, e, and, therefore, c, (e^) is 

supposed to be known. One has to compute c,- (/ = 3, 4, 5, 6) for given c,. The velocities 
Cj (c,) can then be computed from explicit algebraic formulae. We give below the procedure 
for computing e,- for given e, in the case of incident qP waves and for given €2 in the case 
of incident qSV waves. 

The Snell’s law for a monoclinic medium is given by eqn. (30) in which the apparent 
velocity c„ can be written as c„ = dp 2 , where/; {0,p2 , p^) is the propagation vector. We 
define dimensionless apparent velocity c through the relation 
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c = cj^ = c/(p2P) , 


(40) 


where P = {c^ / Eqn. ( 13 ) then becomes 

^ - (U + ^ c'^ + (UZ - V^) = 0 , 


(41) 


where 


U = U/{c^l) = + 2 C 24 P + C 22 > 

V = W(C44P^) = C34P^ + (1 + C23)p + C 24 , 

Z = Z/(c^l) = C33P^ + 2C33P + 1 , 

p = P^/P 2 , Cij = CylCi^. (42) 

For incident qP waves, p = - cot e,; for incident qSV waves, p = - cot ^3 ! for reflected 
qP waves, p = cot for reflected qSV waves, p = cot ; for transmitted qP waves, 
p = - cot e^; for transmitted qSV waves, p = - cot eg . For a given p, eqn. (41) can be solved 

for c , the two roots corresponding to qP and qSV waves. However, for a given c, eqn. 
(41) is a bi-quadratic in p, corresponding to incident qP, incident qSV, reflected qP and 
reflected qSV. The positive roots corresponding to the reflected waves and the negative 
roots corresponding to the incident waves. On inserting the expressions for U, Z and V 
from eqn. (42) into eqn. (41), the bi-quadratic in p becomes 

8 oP‘^ + 8 iP^ + 82P^ + 83 P + 84 = 0, (43) 

where = F33 - , 


81 - 2 (C24 C33 - C23 C34) , 
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g 2 = 1 + C 22 C33 + 2 C24 C34 — (1 + C23) (1 + C33) c , 

^ ^ » —2 
g3 = 2[C22 ^34 “ ^23 ^24 ~ (?24 ^34) ^ ’ 


g4 = - (1 + C 22 ) + ^22 “ <^24 • 

If we define q = = P 2 ^ Pi < bi-quadratic transforms to 


(44) 


g4^'‘ + + i 2 <i' + gi9 + So = 0 • 


(45) 


For angles of incidence, for which both reflected qP and reflected qSV waves exist, 
eqn. ( 45 ) will possess two positive roots, the smaller positive root (say q^) corresponding 
to reflected SV and the larger positive root (^ 3 ) corresponding to reflected qP. Further, 


^3 = tan"‘ ( 93 ) , £4 = tan"' ( 94 ). (46) 

A similar procedure can be set up for finding and e^. 
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Appendix A 



Af is obtained from A3 on replacing the elements {- 1, - Fj, - Cj, - bj ) in the first column 
by the elements {- 1, - Fj, - Oj, - b 2 }- 0 - 4, 5, 6) are similarly defined. 
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Abstract 

Certain generalized subclass of analytic and multivalent functions, with negative coefficients, defined 
in terms of certain fractional derivative, has been introduced. Present paper investigates results 
pertinent to coefficient estimate, distortion and inclusion theorems for the said subclass. The class, 
preserving integral operator of fractional order of certain kind for the generalized subclass, has been 
investigated too. At the conclusion of this paper, radii of /?-valentiy starlikely and convexity for the 
said class have been determined. 

(Keywords and Phrases : univalent and p-valent functions/fractional differential and integral 
operators/convex and starlike convex functions) 

Introduction 

Let A(p) denotes the class of functions of the form 


oo 

/(z) = z'' + \ n = l, 2, ... 

k~n+p 


( 1 ) 


where p is a positive integer and /(z) is analytic and p-valent in the unit disc (D = 

k : \4 < ij- 

Also, let T(p) be a sub-class of A{p), consisting of analytic and p-valent functions, 
expressed in the form 


oo 

m = f- E a^z*; (2) 

k^nA-p 


The function /(z) 6 T(p) is said to be in the subclass S* (p, 5), iff 
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5 ® 

for some 5 (0 < 8 < p). Function /(z) e S* (p, 5) 


(3) 


Reji + > 8 , z€ ^D (4) 

for some 8 (0 < 8 </7), Function /(z) € C(j), 8) is called p- valent convex function of order 
8. The above said classes S* (p, 8) and C(p, 8) were introduced by Owa^ and studied by 
Srivastava and Owa*. 

In what follows, the definition and terminologies of fractional calculus, employed in 
the present investigations, are due to Owa'^’"*. 

Definition 1.1: The fractional integral operator of order X, for a function/(z), is defined 
by 




j: 


M. 


r(X) •’o (z-t) 


1-X 


dt , X>0 


(5) 


where /(z) is the analytic function in a simply-connected region of the z-plane, containing 
the origin, and the multiplicity of (z is removed by requiring log (z - t) to be real, 
when {z-t)> 0. 

Definition 1.2 : Fractional derivative of order X, for a function y(z), is defined as 


D^Az) 


i A r 

r{l-X) dz •’o {z-tt 


dt , 


0<X< 1 


( 6 ) 


while the definition oij{z) and its validity is given in (5) and multiplicity of {z - is 
removed as Definition 1.1. 

Definition 1 .3 : Under the hypothesis of definition 1 .2, the fractional derivative of order 
(n + X), for^z), is expressed as 
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DV^Az) = ~ D^.Az), 0<X<1 
where ne Nq = Nkj [0], where N is the set of natural numbers. 


(7) 


Let us define the following fractional differential operator , 0 < A < 1. 
Definition 1.4 : For a real number A (0 < A. < 1), we define 


: T(p) Tip) 


by 


oo 

Uf-’’^Az) = / - E (8) 

k=^n-hp 


where 


Gpik,X) = 


rq+nrfa + i-X) 
r(p+ i)r(;t+i-X)' 


(9) 


For z 0, we define 

uf'’’^Az) = D^.Az) , (10) 


where D^Az) is the fractional derivative of /, of order A (0 < X < 1), while 


Uf'^^Az) =Az) ; Uf’^^Az) = ( 11 ) 

Now, with the help of operator U^’Pfiz)^ we may introduce following class of functions in 
Tip). 
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Definition 1.5 : A function ^(z) e T{p) is said to be in the class 5* {A, B, a, P, X), iff 



(p-a)(A-B) + pB-Bz 


uf’^Az) 


< P 


( 12 ) 


where z e © and it validity is given by-l<B</l<l, 0<A<1, 0<P<1, 0<a<p 
and 0<X< 1. 

The sub-class 5* (A, B, a, P,X), defined by (12) is much general in character and as 

such number of subsclasses become apparent cases of it, which were studied by various 
authors, we mention some of them 

(i) 

s;(l,-i.a, 1,0) = S>,a) : 

(cf. 1) 

(ii) 

s;(l,-l,a, 1,1) = C(p,a) ; 

(cf. 1) 

(iii) 

5;(l,-l,a,l,X) = S;^(a) ; 

(cf. 5) 

(iv) 

5^(l,-l,a, p,0) = S(a, P) ; 

(cf. 6) 

(V) 

St(l,-l,a,p,l) = C(a,P) ; 

(cf. 6) 

(vi) 

s;(l,l-2C,a,p,0) = 5;(a,p,0 ; 

(cf. 3) ; 1/2 < C < 1. 

(vii) 

S* (A, 5, a, 1,0) = 7^ (A, B, a) ; 

(cf. 8) 

(viii) 

5'*(A,B,a, 1, 1 ) = Cp(A,B,a) ; 

(cf. 8). 


Several other such subclass may be formulated by specializing parameters. 

Coefficients Estimates 


Theorem 1 : A function /(z), defined by (2). is in the class S; (A, B, a, P, X), iff 
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X l(l-PB)(/:-p) + P(A-B)(p-a)lG/i,X)a,<(A-B)PO-a), (13) 

k=n-tp 

where Gp {k, X) is given in (9). 

The inequality (13) is sharp. 

Proof: Assume that (13) holds true, and let |zj = 1, then we have 


z -p uf"'’^Az) I - P I (P - a) (A - B) +pB uf’'^^Az) - Bz (uf'^^Az)j 


oo 

- s {k-p)Gp{k,X)a,z!^ 

k=n-fp 


-P 


(A-B)(p-a)/+ X \B{k-p) + ^iA-B)(p-a)\Gp(,k,-k)a,^ 

k=n-^p 


5 X l(l-Bp)*-(l-Ap)p-P(A-e)a|G^,(/:.X)a,-(A-B)P(p-a)<0. 

k-n-k-p 


Hence, by the principle of maximum modulus, it is asserted that Az) £ -S'* (A, B, a, P, X) . 


Conversely, we suppose that/(z) is in the class S* (A, B, a, p, X), then by virtue of (12) 


zjuf^’^Az))' 
■ uf’^^Az) 


l\ip 


-a){A-B)+pB-Bz 


{uf''’^Az)y 

uf-P^Az) 
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tsm. 

OQ 

{A-B)(p-a.)f+ X \B{k-p)-iA-B)(p-a)\Gp{k,-k)a,z'^ 

k=^n-\-p 


(14) 


Since |Re(z)| ^ |z| for any z, we find from (14), that, 


Re 


X {k-p)G„{k,X)a,z'‘ 

k=tt+i) 


<3. 


iA-B){p-a)f+ X \Bik-p)-(A-B){j^-a)\G,,(k,X)a;,z!‘ 

k=4i-¥p 


Now choose values of z on tiie real axis, such that 




is real. Assuming z -> 1, through real values, we get 


X (^ -/?) Gp (kX) a* < (/I - B) 3(p - a) + X 3iB {k-p)-{A- B){j}- a)l G^ (X,p) a* , 

k=n+p h=ij-t-p 


which asserts (13). 

Corollary 1 : Let the function y(z), defined by (2), belongs to the class 5* (A, B, a, p, X), 
then 


a < (A-B)g(p-a) 

* 1(1 - 3^) ik-p) + p (A -B) (p - a)J Gp (k, X) 


k>n+p. 


(15) 
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Remark 1 : Considering X = 0 and X = 1 respectively in Theorem 1 , results due to Singh 
and Sohi* become particular cases of our investigation. 

Similarly, by setting p = A = ^ = -B= \ in Theorem 1 , result of Srivastava, Mishra 
and Das^ become particular cases of our result. 

Distortion Theorem 

Theorem 2 : If J{z), defined by (2), belongs to the class S^, {A, B, a, P, X), 0 < X < 1 ; 
then for 0 < fx < 1, we have 




(p+l),(A-B)p(p-a) 

(p + 1 - p)„ G,, (n+p, X) 1(1 - PB)« + p(A - B) (p - a)i 


(16) 


and 


it//’p^y(z)i<izr+ 


(p+l)„(A-B)p(p-a) 


(p + 1 -H)„ G- (n+p, X) 1(1 - pB)/i + p(A - B) (p - a) 


izp (17) 


for z e 2). The estimates are sharp. 
Proof: For02X< 1, 


. r(x -n).,_ 

r(ifc+i-X) 



is an increasing sequence, and thus, from Theorem 1, we have 


G^(n + p,X) Y, 1(1-P5)(*-P) + P(A-B)(p-a)la, 

k-n+p 


2 S {(l-pB)(X-p) + P(A-B)(p-a)jG,,(X,X)n,<{A-B)p(p-a) 

k==n+p 
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i.e. ^ id - PB) (/: - p) + P (A - g) (p - a)| a, ^ . (18) 

k=n-^p ^ 


which yields 


Ci < 


(A-B)3(p-a) 


k^n-¥p 


G„(« 


V ' ^ r k>n + p 

+ p,X)|(l-pB)n + (A-B)(p-a)l’ " ^ 


(19) 


Now, due to mutual adjustments of terms in (18) and (19), we may write the following : 


Y, < ^^^i(l-PB)p-P(A-B)(p-a)} Y 

k-n-i-p ^ * k=n^p 

^ (A-B)P(/>-a) ^ |(l-pS)p-P(A-B)(p-a)l(A-B)p(p-a) 

- Gp (n + p, X) Gp (n +p, X) 1(1 - PB) n + P (A - B) (p - a)} 


(A-B)P(p-a)(l-pB)(«+p) 

Gp (n +p, X) 1(1 - pB)n + P (A - B) (p - a)| 


i.e. 


V i-n = (A-B)p(/;-a) («+p) 

* Gp(n+p,X)|(l-pB)n + p(A-B)(p-a)^ 


(20) 


From (8), we have the expression, as follows : 


U^f’^Az) = f - Yki'^ (21) 

k-n^-p 


where 


I ^ r(x+i)r(pH-i-p) 

* r(p + i)r(x+i-n)“* 


k>n+p. 


( 22 ) 



GENERALIZED SUBCLASS OF ANALYTIC & MULTIVALENT FUNCTIONS 329 


We observe that, for 0 < ja < 1 , 


I < r(k+ i) r(p+i-ix) 
- r(p+i)r(k+i-ii) 


^ T(p+1-Ii) k (k- 1 ) (I-ra + p) r(n + p+ 1 ) 

r(i + 1 -n) ■ (ife-jx - 1) ■■■ (H+p-|a+ 1) ■ r(p+p-|i+ 1) 

< r(p+l-u) k jk- 1 ) (n+p+ 1 ) r(« + p+ 1 ) 

“ r(^+i -|i) r ()k-2) ■■■ (n+p) •r(H+p-[i + i) 


= r(p+ i-M.)r(«+p) 

r (p + 1) r (« +p - jx + 1) 


(23) 


Now a mutual employment of (20) and (23), allows us to write 




h=iHp 


r(p + i -p)r(«+p) yi 
r(p+i)r(«+p-p+i) ^ 


( p+l)„(A-g)P(/;-a) 

(p+l-p)„G„(«+p,X)|(l-pR)« + 3(A-5)(p-a)r ^ 


Eventually 


oo 

it/f''>y(z)i>ur-ur 

k^i+p 


yields the results (16) due to (24). Similarly, (17) can be proved. 
The sharpness of the theorem follows, if we consider 


Az) = z!’ - 


(A-g)&(p-a) 

Gp(«+p,X) j(l-|3S)« + p(A-B)(p-a)!- 


(25) 


Corollary 2 : By setting }x = 0 in Theorem 2, we obtain, for Az) e S* {A, B, a, P, X), 
the following : 
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(A-g)p(p-a) 

~ G„ (n+p, X) 1(1 - m n + P (A - 5) (p - a) 


U 


m+p 


(26) 


and 


(A-g)p(p-a) 


G„ (n + p, k) |( 1 - m n +"P (A -B)(j}-a) 


Ul' 


n-^p 


(27) 


Estimates are, thus, sharp for j{z) given by (3.10). 

Corollary 3 : Assuming |i -> 1 and for J{z) € 5* {A, li, a, p, X), Tlieorem 2 reduces to 


\fiz)\-p\zf c„ {n +p, X) j(l - p5) n + Ja - 5) - a)| ' ^ 


and 


\f'iz)\^p\zr' 


(A-g)p(p-a)(p + n) ^ I .„+p_, 

G„ (n +p, ^) 1(1 - P Z?) n + P(A - fi) (p - a)| ' ^ 


Sharpness of the estimation is verified as Cor. 3. 

Inclusion Theorem 

Theorem 3 : ForO<A<)i< l,0<a<p, 0<P< 1,-1 <B<A< 1 and 0 <A S 1, we 
have 


S’* (A, S, a, P, p) £ 5* (A, B, a, p, X) . (30) 

Proof : For fz) e S'* (A, B, a, P, p), Theorem 1 reduces to 


S l(l-PB)(^-p) + P(A-B)(p-a)lG,,(*,p)a* ^ (A-5)P(p-a), (31) 

k=ii+p 
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where, (k, |i) may be expressed, by virtue of (9), as 


G„{K\i) = 


r(^+i)r(p + i-p) 
r(p+i)r(A: + i-p)- 


For p. to be resitricted as above, and ([» (p) be assumed as an increasing function 


<!)(^) = 


r(p + i-p) 

r(it+ 1 -p) 


we observe that 


(!)(p+i)-(t)(p) = ^ {k-p)>0, 


very clearly asserts that 0(|i.) is definitely an increasing function of A, [since (/:-~p)>0] and 
thus, 




(32) 


Finally from (3i), we have 


^ 1( 1 - pfi) {k - p) + P(A a)l (k, X) a, 

k-n-^p 


< Y, l(i-pfi)(A:-p) + P(A-fi)(p-a)|G,,(A,p)a, 

k=n-¥p 




This is an evidence, that,/(z) e 5^, (A, B, a, P, A,). 
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Fractional Integral Operator 

Theorem 4 : Let/(z) e S* (A, B, a, p, X), be defined by (2) and c be real number, such 
that o-p, then the function F{z), define by 

F(z)‘= -- 7 ^ f r' iW (33) 

Z 


also belongs to the above class. 

Proof: By virtue of (33), it follows from (2) that, 


oo 





which upon integration and change of order of summation and integration, permissible 
under stated conditions, reduces to 


F{z) = / - X z* - 

k-n+p 


(34) 


where 


Ih = 


U- + p '^ 


c + k 


a. 


Thus, we write 


(35) 


X |( 1 - pS) (k-p) + ^iA-B)(p-a)\ G,, (k, X) b, 

k-n-Fp 


= X \i^-m{k-p) + ^{A-B){p-a)\Gp(k,X) 

k^n+p 


C + A 


< (A-B)P(p-a). 
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which is the justification, by virtue of Theorem 1, for F{z) e S*{A, B, a, P, X), which 
completes the proof. 

Theorem 5 : Let c be a real number, such that c<-p, if F{z) € {A, B, a, P, X), then 

the function /(z), which is defined by (33), is p-valent in ( z | <ff, , where 


R^ = inf 

k>ni+p 


(c + p)r(X)r(p+l-X) kl-Pfl)(/:-/;) + p(A-g)(p-a)| 
(c + it)r(p)r(X+l -X)(A-R)P(p-a) 




(36) 


and the result is sharp. 
Proof : Let 


P{z) = / - E ’ 

k-n+p 


it follows from (33), that. 


C+p 


i.e. 


Az) = / - E 

k=n+p 


^ C + 




af.z . o-p. 


To prove the required result, it is sufficient to prove that 


f'iz) 


-P 


< p, |z|</?, . 


Now, 


m 

7^' 


1 -P 


-E^- 

k-n+p 


' c + k 
^c + p 






(37) 


(38) 


thus, if 
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m 


-p 




then 



'c+Ji' 

[c + p^ 


Z t” < 1 . 


Also, since F{z) £ 5* (A, B, a, 3, X), so by Theorem 1, we have 


(39) 


£ i( i - Pg) (^- - p) + P (A - g) (p - g)} G„ {k, X) a, ^ ^ 


A=/i+/; 


(A-B)P(p-a) 


(40) 


Hence (39) will be satisfied, if 


i f £±ii) , , ‘ - /^) + P 

p c + p 
V 


(A-B)p(/^-a) 


i.e, k < 


jc+pWi mp+l-X) I(l -3fi) jk-p) + p(A-P) (/>-a)!' 
(C+A-) r (/J) r (A'+l-)i) (A-/i) P Q?-a) 


m-p) 


,/:>//+ p. 


( 41 ) 


Therefore, this proves that/(z) is /;-vaIent in | c: j < R^. Sharpness follows, if we. consider 




^ (c + /.)l(l-pB)(/:-p) + P(A-P)(p-a)lG„(i-,^)’^~ ^ 


Radii of Starlikeness and Convexity 

Theorem 6 : The function J{z), defined by (2) be in the class S^* (A, B, a, P X), then 

J{z) e 5* (p, 5). 0 < 5 < p in I z j < Pj - where 
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R 2 = inf 

k>n+p[_ 


(p - S) |( 1 - m (k - P) + d(A - B) (P - a)| 
(^-8)(A-fi)p(p-a) 




( 43 ) 


The result is sharp. 

Proof: In order to establish the required result, we deem it sufficient to prove that 


zf'iz) 

Kz) 



< p-5. Ui < /?,. 


( 44 ) 


Now 


Az) 



X {k-p)a^z‘' 

k~n^P 



k-nfrp 


X {k-p)a,\zt->’ 

^ k =n-¥p 

“ 00 

I - 

k=fHp 


thus if, 





then, it is obvious to write 


X 

k=iHp 


(KzA] 


z^-'’ < 1 . 


( 45 ) 


Also,as J{z) e 5* (A, B, a, p, X), by virtue of Theorem i, we write 
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4 ; 1(1 - m (k - P) + M a)l G„ {k, X) ^ ^ 

^ (A-Z?)p(/?-a) 

A =/!+/; 


Therefore, (45) is justified, if 


(p - S) !( 1 - m (.k-p) + P(A - B) (^^gil ^ 
(k - 5) (A - £{) P (p - a) 


(46) 


This concludes that, j[z) £ S* (p, 5), i.e. /(z) is p-valently starlike of order 5 in | z | < /?2 • 
Sharpness follows from the function defined as 


^ (A-g)P(/; -c^ ^ ^ ^ (47) 

^ 1(1 -PB)(^-p) + P(A-B)(p-a)lG,,(*,X) 


Theorem 7 : Let the function f(z\ defined by (2), belongs to S* (A, B, a, p, X), then 
f{z) e C(p, 5), 0 < 8 < p in the disc ! z 1 < /?3 , where 


= inf 

k>n+p 




8 )|(l- 6 g) (^-p) + P(A-g)(P' 
jt(A-8)(A-^)P(/;-a) 


■cx)l 


-AUk-p) 


GAk, X) 


(48) 


The result is sharp. 

Proof-. The prove the statement completely, it is sufficient to show that 


1 + 


ifAt) 

f'iz) 


- P 


(p- 8 ) , 


< R, 



^ k{k-p)ai^^'>’ 

k -n+p 

00 

p - 

/:=/!+/; 


we have. 
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5 ; 

““ 00 

F - E kai^lzt'’ 

k~n-^p 


(50) 


Therefore, if (49) is true, then 


E ^ (/^-S) 

k-n^rf) 


F - E 

A-;i+/> 


i.e. 


V k (A- -5) 


tk-i> 


1 . 


By virtue of Theorem 1, (13) holds true, and thus (51) will be justified if 


(51) 


f p (p - 5) 1(1 - PB) (fc -p) + P(A -B)Qk- a)| G, (A, X) 1 '''' 

'^'“L A(A-5)(A-B)P(p-a) 

Thus fiz) € C(/^, 5), i^c.fiz) is p-valent!y convex of order 5 in j z | < /? 3 , while sharpness 
for f{z) follows from (47). The theorem is thereby asserted. 
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Abstract 


An equation was considered recently to describe electron-proton pairing at finite temperature. It was 
shown to have a solution in terms of a difference equation which, on numerical evaluation, led to a 
temperature - dependent bound state spectrum, in the present paper, the solution of the pai ring equation 
is discussed afresh, resulting in an independent (and elementary) derivation of the crucial difference 
equation. 

(Keywords : finite temperature theory/electron proton pairing/x-ray astronomy) 


Introduction 

Some time back, an equation was obtained* which described the pairing of an electron 
and a proton at finite temperature. Under a suitable approximation, this equation yielded 
a bound state spectrum in the temperature regime around one million degrees Kelvin. The 
deepest of the binding energies predicted in this spectrum were in the KeV range. This 
meant that the bound states could actually sustain themselves in the system, despite its high 
temperature, since the background thermal energy per particle, which would only be in the 
range of few hundred eV, would not be enough to break up the former. 

The above finding may be quite relevant to an understanding of Solar coronal active 
regions and solar flares. In particular, the mechanism for the massive energy production 
associated with these phenomena could be provided by falling into the paired state by the 
electrons and the protons of the astrophysical plasma. Furthermore, the emission spectrum 
of the paired state in certain possible stable or quazi-stable configurations corresponding 
to definite temperatures, could also explain a large part of the X-ray emission line data 
from the flares and the other active regions of the Sun and its corona, Preliminary work 
along these lines reported in the reference quoted above and in later papers^'^ has led to 
encouraging results. 
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Of course, the occurance of sustainable bound states at high temperatures is a rather 
unexpected result. So despite its good consequences, the basis of this result needs detailed 
probing. Some work in this direction has been published^ More recently the author^ has 
given a systematic derivation of a coupled set of equations for electron-proton pairing at 
finite temperature and shown that in the static Coulomb limit they indeed lead to the pairing 
equation used by us earlier. In the present paper, we try a new approach to solving the 
approximate version of the pairing equation. This is done by transforming the equation 
onto coordinate space where the ansatz for the solution can be taken as a sum over the 
familier Laguerre polynomials. The coefficients in the sum are then found to obey a 
difference equation the solution of which leads to the bound state spectrum. This difference 
equation is identical to the one obtained earlier from momentum-space methods using the 
less familier four-dimensional spherical harmonics given in terms of Gegenbauer 
polynomials. 


The Pairing Equation in Coordinate Space 


The pairing equation in momentum space in the static Coulomb limit is given by 


.2 N 


Vf 


^ iL 
2 h 




471 


^-Pf 


( 1 ) 


Q (w, p) = tan h 




tan h 




•e*) ^ 
p' 2 


( 2 ) 


where w = -\w\ stands for the pair binding energy, p^r ^or the (relative) pair momentum; 
o. = (e' ! An) is the fine structure constant in natural units {{fi = c=\) which we use 
throughout; a and b stand, respectively, for the electron and the proton and 


= 




’ Pa,b 


III 


a, b 


m,, + /«,. 


e 


a.h _ 

P 



_ 1 _ 

KT 


( 3 ) 


where k is the Boltzmann constant and T the temperature. 
It may be noted that 
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a-tan/j(p//4Hg * - tan A (3p^/4wg 

Q{w,p) = 

1 - a tan h (p / 4//i J 1 - b tan h / 4/n,,) 


(4) 


where 


a = tan h (P {j,„ w/2) , b = tan It (P w/2) . 


(5) 


We now make the approximation 


f a.. 2 ^ 


tan/i 








4 m 




( 6 ) 


and combine the two terms in eqn. (4), dropping terms of order p"^ and higher in both the 
numerator and the denominator in keeping with the spirit of (6). So we get 


Q (w, p) = 


dj -^2P 
\-dyp^ 


= Q{w,p) 


(7) 


where 


f/j = « + I; , r/2 = P (I +r/I?)/4p, d-^ = 


_ & 


4 


^JL + A.'' 


( 8 ) 


Next, we replace Q in eqn. (1) by Q and write the resulting approximate version of the 
equation as 

(1 - V) /2p) V (^ = A - V) / v (9) 

4 ji (g-pT 


On multiplying both sides by 


(2 71^- 




and going through the standard manipulations, we can transform this equation onto 
coordinate space to get 
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(l+djV^) 


w + 


2^ 




a 

2 




lirf] 


jy 


(10) 


where 




(2 71 ) 


( 11 ) 


Solution of the Pairing Equation in Coordinate Space 

We observe that in the absence of the terms containing r/2 and d^, the pairing equation 
in coordinate space, namely, eqn. (10) above, has the same structure as the Schrodinger 
equation for the hydrogen atom. The solution in tliat case is : 


11/ (?f= R(r) ^ K/'O.tl)) 


( 12 ) 


«('-) = V/ (r) = e->V L^*'. { 2 p.r) 


where (9, <|)) are the three dimensional spherical harmonics with / and m standing, 
respectively, for the angular momentum and the azimuthal quantum numbers (/ = 0, 1,2. 

for a given /takes the 2/ + 1 values-/, - / + 1, / - 1, /); the L’s denote the Laguerre 
polynomials in which the index n, the principal quantum number, takes on the values 
/ + 1, / + 2, i.e,, for any given /, n > / + I; is the normalisation constant. 

Now, as regards eqn, (10), we can once more try separation of variables, and choose 
\[/ = (^u/r) Y with unknown R (or u) and Y. The spherical symmetry of the problem 

enables us to choose for Y. So we can still use eqn. (12). We can then also write (see 
for instance Ch. 7 in Powell and Crasemann^). 




X A f j 

dr dr 
V J 
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( 14 ) 


With the use of eqn. (12) and (14), eqn. (10) takes the form 
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(1+r/, V^) 


— Y" + — Y" — ^ — y 

' “ r ' r dr ‘ ? r 


= a li id, + d^V^) 4 n" 
/**■ 


(i5) 


where we have put 

/?0 = -2jxw = 2|iH . (16) 

It is more convenient to work with the dimensionless variable 


y = 2po/- 


and 


= (1/4 pI) v' 


in terms of which eqn. (15) is given by 



ilLLO 


M + - 
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I d^u ^ 

d/ 


y;‘ 


a_ji 

2/Jo 


{d, + 4pl d^ V^) 4 

y 


y;' . 


(17) 


(18) 


(19) 


To guess a suitable form for w, we observe that for a given a(=2/+ i), the Laguerre 
polynomials (y), where /: (= ;i - / - 1) = 0, 1,2 form a complete set of orthogonal 

functions in y space (0 < y < «>) with respect to the weight functions e~^ So u (y) 
can certainly be written as 


«(y) = «,(y) = X K C /-1 (y) (20) 

/i^+i 

where the coefficients d,, are as such arbitrary and N is just the usual normalisation constant. 
It is preferable to use, in place of i?,,, the coefficients where the denominator is 
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chosen for later convenience and the choice of the index /z -- 1 on <3 is useful because for 
a given /, the first coefficient in the series is simply Ui (to be followed by a ) 

and we can thus easily keep track of the particular angular momentum value we are dealing 
with. So we have 


u, Cy) = A^f>-'«ya+iV2 ^ 

/J^+1 





(y). 


(2()a) 


This may also be written as 


"/O') = 


-v /2 y(u+l )/2 




(A: + /-f if 


00 


^ K E (y) (20b) 

A:=0 

where 


a = 2/+ I, k = n-l- 1 

and we have put 


Jk + l+if = Vi • ( 22 ) 


On substituting the above expression for u in eqn. (19), and using the equation followed 
by the Laguerre polynomials, namely, 


d-Lfiy) dLliy) 

y +(a+l-,) ^^-ytLt(y)^o. 


(23) 

we get 

«(! K . (cl, + 4pI cl, v; 

. v,t^ 

l\ 1 X 

i) ^2 n 

(24) 

where 

X = - a\L, q = k+ly 1 . 


(25) 
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The sum over k in eqn. (24) has been suppressed for the present and will be put in later. 
It can easily be checked that 


V 


_ (A- + /) _ V 

4/ / / 


V, y;‘ 


2 v r 

r’ ' <iy ' 


(26) 


With the help of the standard recurrance relations 


dlJl 

y -^ = AL^ - (A + 2/ + 1) LU , 


(27) 


y ^ = (A + /) Lti - (A + 2/ + 2-y) 


(28) 


the last term in eqn. (26) can be written as 


-2 


4 = 

y'* dy ' ' 


■2/ + 2 (A+2/+1) ^^a (^+Q fa ± fa 

-J- h + 4 ^k-\ - ^4 - ^3 


V, rp (29) 


where 


H±i “ 
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L?«; / = 0 ± 1, ± 2, 
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(30) 


So we get 
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vj ^ ir = 




4y 
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*4 
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( 31 ) 


On substituting this result in eqn. (24), we get 


( 1 + Po ^3)^1 ' 2~~ K + 4po <^3 9 '^z 

y 
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= ^ K ^Po^2^u Kf ^/‘ • (32) 

On multiplying throughout by dropping the common factor P, K", and using 
C| = 1 ~ (ijPo 5 ^2 ~ Q^^Pi^ ~ ^ 2 /^ 0 ) 

C3 = 1 + r/aPo . Q = (X/2/2 o) (^/, + r/2Po) (33) 

so that pld^ - (C3 - C,)/2, (X/2/2(,) rAp^ = (C4 - € 2)12 , (34) 

eqn. (32) can be put in the form 

(^Ca - C4) y-tl + 2[qiC2 - C,) - (C4 - Cj)] l(r/ + /) + itf 

- (‘/-O ^“+1 - • (35) 

The factors y and y' can now be removed by the application of the recurrance relation 

yL“ (y) = 2 9 L“ (y) - (q - 1) L“ , (y) - {q + /) L“ , (y). (36) 

Eqn. (35) then takes the form 

Aiq, 1) II 2 + B {q, 1) t,,, + C {q, 1) t, + D (q, /) tl, + £ (q, 1) = 0 (37) 

where 

^(^.0 = k/Ca - £4] [q-l] [ry-/+l] 

^*(< 7 . 0 = [^'Cj - C4] [ (- 2 q) (q-l ) -2 (q - I) (q + 1 )] 

+ 2 [q (Ca - C,) - (C 4 - C 2 )] [q (q - 1) - (q - /)] (38) 

C(rA0 = [r/Ca-C 4 l [4r/ + (<•/-/) (^y + / + i)H.(^y+./) ))] 

+ 2[^(C3-C,)-(C4-C2)] [-2r/' + 2] 
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D iq, 1) = [7 C3 - C4] [-2q {q + l)-2(q- 1) iq+ /)] 

+ 2[q (C3 - Cl) - (C4 - Cj)] [q {q-i-l) + {q + /)] 

E (q, /) = [^C3 - CJ [q + l] [^? + / - 1] . 

Adding and substituting 2 {q - /), 4 and 2(q + /), respectively, in the second brackets 
of the first terms of B [q, 1), C {q, 1) and D (g, /), and doing the cancellations that follow, 
we get, 

B{q,l) = [gC3 - C4] {-2{q-l) (g + 2)]-2[gC, - Cj] [(g - /) (g - 1)] 

= i?i (g, /) + B 2 (g, 1) 

C{q,l) = [gC3 - C4] [2(g-/) (g + /) - 2(/-2)] 

-2[gCi - Cj] [-2(g+l) (g-1)] 

= [gC3-C4] [(g-0(g + 2)(g + /+l)]/g 
+ [gC3 - C4] [(g-/-l) (g-2 )(g + /)]/g 
-2[gC, - C2][-2 (g+l)(g-l)] 

= Cj(g, 1) + C 2 iq, 0 + C3 (g, 1) 

D{qJ) = [gC3 - C4] [-2(g + /)(g-2)]-2[gC, - C2] [(g + /) (g + I)] 
= £),(g,/) + D2(g,/) (39) 

where, in the breaking up of C (g, /), we have used 

2(g-0(g + 0-2(/-2) = (g + /+l)(g + 2)(g-/)/g + (g + /)(g-2)(g-/-l)/g. (40) 
Eqn. (37) can thus be written as 

tl 2 E (g, 1) + Itx D 2 iq, 1) + t, C 2 iq, 0 + 
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Let us now put in the sum over A: which had been suppressed so far for notational con ven iVnf o 
We also note that 


q = k + l+l 


^<X k+l ^(X . A I 1 I 

' (^+/+i)2 i=o,±i,±2... 

Thus the last term in eqn. (41) can, for instance, be written as 

oo 

S = E 2 kC^-C4]lq-l][q-l+l] L^. 

A=0 \Kt I -t i) 


E ~5^ [?C3-C4][^-/][^-/+l] L« 

<?=/+! ^ ^ 




4 : 3 " V3ji^-, (42) 

Expr<»si„g all Ihe sums in «jn. (41) in terms of in asimilar way, and remembering 
^ 0 only for ^ > / + 1 , we get 


- k + l + 21 ta+ 11 
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It can be easily checked now that the solution of this equation is the simple difference 
equation 
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if we define a new set of coefficients b by 


^ = ^,^^^^^[(9+0 C3-CJ 


( 45 ) 


eqn. (44b) can be transformed to 
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Vi 


2[q+\] [(<?+l)q-C 2 ] 
[q + H\] [(<?+l)c 3 -C 4 ] 


+ b 


q-\ 


kzil 

[q^l] 


= 0; q>l, =0 (46) 


his last form is convenient for computer calculations. 

Eqn. (46) is of course identical to the difference equation which led us earlier to the 
)Ound state spectrum at high temperature^ It is hoped that the elementary derivation of 
he equation presented here will be useful to anyone interested in exploring the bound state 
dea at finite temperature. 
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Abstract 

2'-Hydroxy-l -(substituted phenyl)-3-(4-bromo-l-naphthyl)-2-propen-l-one were prepared by 
employing Claisen-Schmidt condensation. Structures of these compounds were confirmed by IR, 

PMR spectra and elemental analysis. All these compounds were found to be antibacterial and 
antifungal. 

(Keywords : IR/PMR/elemental analysis/chalkones/antimicrobial agents) 

Chalkones display interesting biological activities, including bactericidal fungicidal^ 
antimalariaf, antiinflammatory^ cytotoxic^ anticancer^^ and anti-invasive^^ properties. 
Hydroxychalkones have been widely investigated due to their synthetic potential and 
biological activity. In our continuing study of biologically active heterocyclic compounds 
like fiavanones, flavones, flavonols, 2-pyra2oIine and 1, 5-benzothiazepines, we discovered 
that the hydroxychalkones which serve as precursors of these heterocycles displayed potent 
antibacterial and antifungal activities against several human and plant pathogens. However, 
2" or 4'-hydroxychalkones powssessing naphthyl ring have not received considerable attention. 
Hence, we are reporting some new chalkones synthesised by a base-catalysed 
Claisen-Schimdt condensation of appropriately substituted 2' or 4'-hydroxyacetophenone 
and 4-bromo-i-naphthaIdehyde. 

2'-Hydroxy substituted acetophenone on treating with 4-bromo-l-naphthaldehyde in 
presence of ethanolic potassium hydroxide for 16h and on acidification with hydrochloric 
acid gave respective chalkone. They gave violet red colouration with ferric chloride and 
positive Wilson test^“. Infrared spectra of these compounds in nujol mull showed a band 
in the region 1620-1650 cm”^ due to carbonyl group and a band between 1610-1630 cm~^ 
due to ethylenic double bond. These assignments are in agreement with those observed by 
Mohanty et Dhar and Gupta^*^ and Vibhute and Jagdale^^. 

PMR spectra of a few representative chalkones were recorded in CDC^ on Varian 
T-60 spectrometer using TMS as an internal reference. Compound-2 (Table 1) showed 
singlet at 52.05 due to Ar-CH3 and multlplet at 56.9 to 58.77 due to aromatic and ethylenic 
protons and one singlet at 812.8 due to a phenolic proton. These observations are in 
agreement with those observed by Cardillo et al.^^ 



352 


G.R. SUBBANWAD et al. 


Tabie 1 - Analytical daia and antimicrobial activity of chalkoiies. 



Com Chaikones 

Elemental analysis 

Antibacterial 


Antifungal activity 


No. Ar 




activity 






C,H& 

X 

Diameter of Zone 


Germination (%) 



Obsd. 


of Inhibition in 


after 12 h 



(Calcd.) 



mm 








E. coli S. aureus 

C. lunata 

H. oryzae 






% ger- 

length 

% ger- 

length 






mina- 

of germ 

mina- 

of germ 






tion 

tube (ji) 

tion 

tube (ii) 

1. r-oH 

C 64.76 

22.24 

— 


100 

400 

100 

180 


(64.59) 

H3.82 

(22.66) 








(3.68) 








2. 2'-OH, S'-CHj 

C 65.10 

21.67 

16 


100 

380 

lOO 

190 


(65.40) 

H3.85 

(21.80) 








(4.09) 








3. 2'-OH, 5'-CI 


29.40 

(29.81) 


- 

100 

320 

lOO 

240 

4. 2'-OH, 5'-Br 


36.70 

(37.04) 

42 

33 

30 

48 

90 

352 

5. 2'-OH, 4'CH3, 5'-a 


29.25 

(29.50) 

18 

10 

95 

310 

80 

280 

6. 2'-OH, 3', 5'-di Ci 


35.95 

(35.78) 

22 

40 

100 

221 

100 

272 

7. 2'-OH, 3', 5'-di I 


55.10 

(55.21) 

33 

30 

20 

32 

100 

144 

8. 4'-OH 


22.27 

(22.66) 

44 

31 

35 

112 

90 

150 

9. 4'-OH, 3',5'-di I 


55.45 

30 

26 

50 

80 

20 

96 

Tetracycline 
Water-ethanoi 
(90 ; 10, v/v) 



48 

25 

95 




305 

105 

350 
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The antibacterial and antifungal activity of all synthesised compounds were assessed 
following the standard methods*^ against two animal pathogens Staphylococcus aureus, 
Escherichia coli and two fungal phyto pathogens e.g., Curvularia lunata and 
Helminthosporium oryzae, respectively. For antibacterial activity, the filter paper discs 
were soaked in the solution of above compounds at a concentration of 150 ppm of compound 
in 10% ethano! and placed at the centre of the bacteria seeded agar plates (petridishes). 

The petridishes were incubated at 26±rC for 24h. The strength is reported in mm 
(Table 1) and results were standardised against tetracycline. 

For antifungal activity, spore suspension was prepared from 5 day old PDA (Potato 
dextrose agar) slope cultures. Spore suspensions were placed in small petridishes. Solutions 
of different synthesised compounds were prepared in 90: 10 (v/v) water : ethanol, and the 
concentrations of compounds (150 ppm) were adjusted in spore suspensions. Petridishes 
were incubated for 12 h under moist chambers. Aqueous ethanol (90:10, v/v) served as 
control. Percentage germination and germ tube length with effect of these compounds after 
a period of 12h was recorded by observing petridishes directly under microscope. These 
results are given in Table 1. 
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